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YAHYA OULD HAMIDOUNE
A basic problem raised by Kneser [15] was to describe all the finite subsets A, B of an abelian
group G such that |A + B| ≤ |A| + |B| − 1.
Let G be an abelian group. The description of the pairs A, B ⊂ G such that |A+ B| = |A|+ |B|−
1 < |G| was considered in additive group theory. Vosper (1956) solved this problem completely for
groups with a prime order. Kempermann’s theory for small sums describes the structure of these pairs,
if A+ B is aperiodic or if there exists a uniquely expressible element in A+ B. In this paper we study
the same question with a fixed subset B satisfying the inequality: for all A such that 1 ≤ |A| < ∞,
|A + B| ≥ min(|G|, |A| + |B| − 1). We obtain a recursive description for the subsets A such that
|A + B| ≤ |A| + |B| − 1.
As corollary of our description, we obtain the following result which implies some limitations
of Kempermann’s theory. Suppose that B is neither a coprogression nor almost periodic and that
2 ≤ |A| ≤ |G| − |B| − 1. If |A + B| = |A| + |B| − 1, then A is periodic and A + B contains no
unique expression elements.
The results obtained in this section are strongly based on those obtained in Part I.
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This paper is a continuation of [10]. We assume the notations developed there and refer to
the results contained in [10] as part of this paper.
In Section 7, we present a reduction method that allows us, in particular, to reduce the
determination of fragments with respect to an arbitrary subset to the case of Cauchy subsets.
In Section 8, we study fragments when the cardinality of a superatom is ≥ 3. We begin by
characterizing the isotopic case where the superatom containing 0 is non-unique. We obtain
a complete characterization of this case. We show that in the non-isotopic case every strict
fragment is periodic. The reduction proposition in Section 7 allows a complete description of
the fragments in this case.
In Section 9, we study the almost periodic subsets. In this case, there are some aperiodic
fragments.
In Section 10, we show that the articulation points appear only in the last step of our recur-
sive solution. This last result shows the validity of our solution.
7. A REDUCTION METHOD
We present some lemmas that allow us, in particular, to reduce the general case to the
Cauchy case.
PROPOSITION 7.1. Let G be an abelian group, B be a finite subset of G containing 0 and
let H be a fragment of 3(G, B) which is a subgroup.
Let σ be the canonical homomorphism from G onto G/H. Then3(G/H, σ (B)) is a Cauchy
relation.
Moreover, for every subset F ⊂ G/H, F is a fragment of 3(G/H, σ (B)) if and only if
σ−1(F) is a fragment of 3(G, B).
For every fragment F of 3(G, B) such that F + H = F, σ(F) is a fragment of 3(G/H,
σ (B)).
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PROOF. Put 0 = 3(G, B) and ψ = 3(G/H, σ (B)). Clearly d(ψ) = |σ(B)| − 1. Let F
be a fragment of 3(G/H, σ (B)). We have |F + σ(B)| = |F | + κ(ψ). Clearly σ−1(F) is
H -periodic. It follows that
σ−1(F)+ B = σ−1 F + H + B = σ−1(F + σ(B)).
Therefore
|σ−1 F + B| = |H ||F + σ(B)| = |H ||F | + |H |κ(ψ).
By the definition of κ , we have
κ(0) ≥ |σ−1(F)+ B| − |σ−1(F)| = κ(ψ)|H |. (1)
On the other hand
κ(ψ) ≤ d(ψ) = |σ(B)| − 1 = (|H + B| − |H |)/|H | = κ(0)/|H |.
This proves that κ(0) = κ(ψ)|H |. Hence ψ is a Cauchy relation. It follows from (1) that
σ−1(F) is a fragment. The last part follows in the same way. 2
COROLLARY 7.2. Let G be an abelian group, B be a finite subset of G containing 0 and
let T be the atom of 3(G, B) containing 0. Let σ be the canonical homomorphism from G
onto G/T . Then 3(G/T, σ (B)) is a Cauchy relation.
Moreover, for every subset F ⊂ G, F is a fragment of 3(G, B) if and only if F = F + T
and σ(F) is a fragment of 3(G/T, σ (B)).
PROOF. By Proposition 2.10, for every fragment F of 3(G, B), F + T = F . The result
follows by Proposition 7.1. 2
According to Corollary 7.2, the determination of all pairs {A, B} such that |A + B| =
|A| + κ(3(G, B)) ≤ |G| − 1 is equivalent to the determination of the fragments for abelian
Cauchy relations. For this reason we restricted ourselves to Cauchy subsets.
8. THE CASE ω ≥ 3
We use the following lemma.
LEMMA 8.1. Let G be a group and let B be a subset of G containing 1. Let a ∈ B−1.
Consider the mapping γ : G → G, where γ (x) = xa. Then κ(3(G, B)) = κ(3(G, Ba)).
Moreover, γ induces a bijection from the set of fragments of3(G, B) onto the set of fragments
of 3(G, Ba). In particular, 3(G, B) and 3(G, Ba) have the same superatoms.
PROOF. By Lemma 2.1, κ(3(G, B)) is the maximum k such that for every finite proper
subset A ⊂ G, |AB| ≥ min(|G|, |A| + k). The lemma now follows easily. 2
PROPOSITION 8.2. Let B be a degenerate Cauchy subset of an abelian group G. Let H be
a superatom of 3(G, B). Then H is a superatom of 3(G,−B).
PROOF. We may assume without loss of generality that 0 ∈ H . If |H | = 2, then by Lem-
mas 4.2 and 4.3, either B is almost periodic or a coprogression. In these cases one easily
verifies that |H − B| = |H + B| = |H | + |B| − 1.
Consider the case |H | ≥ 3. By Theorem 4.1, H is a subgroup. It follows that |H − B| =
| − H − B| = |H + B| = |H | + |B| − 1. 2
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A subset B of a group G will be called isotopic if 3(G, B) has two distinct superatoms
containing 0 with cardinality ≥ 3. We determine the structure of isotopic subsets below.
PROPOSITION 8.3. Let B be a degenerate isotopic Cauchy subset of an abelian group. Let
H and K be distinct superatoms of 3(G, B) such that 0 ∈ H ∩ K . There are η, ζ ∈ G such
that B = G \ ((η + H) ∪ (ζ + K )). Moreover, H and K are the unique strict fragments of
3(G, B) containing 0.
PROOF. Since |H + B| = |H | + |B| − 1, there is b ∈ B such that (H + b) \ B 6= φ. Let
x ∈ (H + b) \ B and put y = x − b. Set S = B − b and 0 = 3(G, S). By Lemma 8.1, we
have
κ(0) = |B| − 1 = |S| − 1. (1)
By Lemma 8.1, H and K are superatoms of 0. Now y ∈ H \ S. By Proposition 3.6,
H ∩ K = {0} and S = 0(0) = 0(H) ∩ 0(K ) = (H + S) ∩ (K + S). (2)
Therefore
|0(H) ∩ δ(K )| = |H + S| − |(H + S) ∩ (K + S)| = |H | − 1. (3)
Since y ∈ (H + S) \ S, we have, by (2), that y ∈ H ∩ δ(K ).
By Proposition 3.7, |H ∩ δ(K )| = 1. Therefore
H ∩ δ(K ) = {y}. (4)
By Proposition 8.2, H and K are superatoms of 0−. Clearly δ(K )+k = (G \ (K +k+ S)) =
δ(K + k). Therefore we have, by using (4), that
(k + H) ∩ δ(K ) = {y + k}, for every k ∈ K . (5)
In particular, we have
y + K ⊂ δ(K ). (6)
Let x ∈ H \ {y}. We have, by (4), that x ∈ 0(K ). Therefore x ∈ 0(H) ∩ 0(K ) = S. Hence
H \ {y} ⊂ S. (7)
By (5), we have y + K ⊂ (H + K ) ∩ δ(K ).
Therefore K 6⊂ S, since otherwise |δ(K ) ∩ 0(H)| ≥ |K + y| = |K |, contradicting (3).
Let z ∈ K \ S. All the above conclusion can now applied with K and H interchanged and y
replaced by z since they are consequences of the hypothesis y ∈ H \ S.
By (6), K+(H\{y}) ⊂ 0(K ). Similarly H+(K \{z}) ⊂ 0(H). It follows, by using (2), that
(H \ {y})+ (K \ {z}) ⊂ 0(H)∩0(K ) = S. By (5), y+ K ⊂ δ(K ). Similarly H + z ⊂ δ(H).
It follows, by using (2), that S ∩ ((H + z) ∪ (y + K )) = φ. Therefore
S ∩ (H + K ) = (H \ {y})+ (K \ {z}) = (H + K ) \ ((H + z) ∪ (y + K )). (8)
Put S \ (H + K ) = S0. We have, by using (7), that S = S0 ∪ ((H \ {y})+ (K \ {z})). By (1),
|(H + S) \ S| = |H | − 1. It follows, by using (8), that y + (K \ {z}) ⊂ (H + S) \ S. Since
|(H + S) \ S| = |H | − 1, we have (H + S) \ S = y + (K \ {z}).
Therefore H + S0 ⊂ S. It follows that S0 + H = S0. Similarly K + S0 = K . Therefore
|H + K + S| = |H + K + S0| + |H + K | = |S0| + |H + K | = |H + K | + |S| − 2|H | + 1 <
|H + K |+ |S|−1. By the definition of κ(0), K + H + S = G. Therefore G \ (H + K ) = S0.
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It follows that S = G \ (H + z)∪ (K + y). Clearly G is a finite group. Using the definition
of S, we have
B = S + b = G \ ((H + z + b) ∪ (K + y + b)).
The first part of the proposition is proved with ξ = z + b and η = y + b.
Let F be a strict fragment of 3(G, B) containing 0. We have |F + B| = |F | + |B| − 1 =
|F | + |G| − 2|H | ≤ |G| − |H |. It follows that F is a superatom. By Proposition 3.8, F = H
or F = K . 2
THEOREM 8.4. Let B be a degenerate Cauchy subset of a group G. Suppose 3(G, B) is
non-isotopic and let H be a superatom of 3(G, B) such that 0 ∈ H and |H | ≥ 3. Let F be a
strict fragment, then F + H = F.
PROOF. Suppose the theorem is false and take a counter-example such that |(F+H)\F | is
minimal. We have |F | > |H |, by the uniqueness of the superatom containing 0, which holds
since B is non-isotopic. By replacing B by B + x , for some x ∈ −B, we may assume, by
using Lemma 8.1, that H \ B 6= φ. Let y ∈ H \ B. By replacing F by F − x , for some x ∈ F ,
we may assume that 0 ∈ F and y ∈ H \F . By Proposition 3.6, H ∩F = {0} and B = 0(0) =
(H+ B)∩ (K + B). It follows that H \ B ⊂ H \ (0(F)) = H ∩δ(F). Then y ∈ H ∩δ(F). By
Proposition 3.6, H ∪ F is a fragment. However, |(F ∪ H)+ H \ (F ∪ H)| < |(F + H) \ F |.
It follows that either F ∪ H is not strict fragment or F ∪ H is H -periodic.
Case 1. F ∪ H is not strict fragment. Therefore |F ∪ H | = |F | + |H | − 1 = |G| − |B|.
It follows that |δ(F)| = |H |. Therefore δ(F) is a superatom of 3(G,−B). By Lemma 2.8,
3(G,−B) is isotopic. By the uniqueness of the superatom of 3(G,−B) and by Proposi-
tion 8.2, δ(F) is a H - coset. It follows that F is H -periodic, a contradiction.
Case 2. F ∪ H is H -periodic. Hence F \ H is H -periodic. Therefore ∂(F \ H) is H -
periodic. Since y ∈ δ(H), we have ∂(F \ H) ⊂ ∂(F) \ H . By the minimality of ∂(F), we
have H ∩ ∂(F) = φ. By Propositions 8.2, 3.6 and 3.7, we have |H ∩ (F ∪ δ(F))| ≤ 2.
Therefore |H | = 2, a contradiction. 2
9. THE ALMOST PERIODIC CASE
We begin with some definitions. Let G be an abelian group containing two subsets B and F .
Let x ∈ F and let b ∈ B. We shall say that x is a b-articulation point of F if (x+b−B)∩F =
{x}. A subset U of F is said to be a b-articulation subset of F if for every x ∈ U , x is a b-
articulation point of F .
A subset T is said to be a b-quasi-fragment of 3(G, B) if there is x ∈ G such that T =
G \ (x − (B \ {b})).
LEMMA 9.1. Let G be an abelian group containing a Cauchy subset B and let T be a
quasi-fragment. Then |T | = |G| − |B| + 1 and T + B = G.
The last equality follows by the definition of a Cauchy subset.
LEMMA 9.2. Let G be an abelian group containing a subset B and a subgroup H. Let
F ⊂ G and let b ∈ B. Let U be a non-empty b-articulation subset of F. Then |0(F \ U )| ≤
|0(F)| − |U |. In particular, if F is a fragment or a b-quasi-fragment, then either F = U or
F \U is a fragment.
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PROOF. Suppose that F is a fragment or a b-quasi-fragment and that F 6= U . By Lemma 9.1,
|0(F)| = |F | + |B| − 1. By the definition we have 0(F \ U ) ∩ (U + b) = φ. Hence
|0(F \U )| ≤ |0(F)|− |U |. It follows clearly that |∂(F \U )| ≤ |B|− 1. The other inequality
is obvious. 2
LEMMA 9.3. Let G be an abelian group containing a subset B and a subgroup H and let
σ be the canonical morphism from G onto G/H. Suppose there exists b ∈ B such B \ {b} is
H-periodic. Let F be a subset of G and let M ⊂ F. Then M is a b-articulation subset of F if
and only if σ(M) is a σ(b)-articulation subset of σ(F).
PROOF. Assume that M is a b-articulation subset of F . We shall show that σ(M) is a σ(b)-
articulation subset of σ(F). Let m ∈ M and suppose σ(m) + σ(b) = σ(z) + σ(c) for some
c ∈ B such that σ(b) 6= σ(c) and z ∈ F . We have m + b+ k = z + c, for some k ∈ H . Since
b 6= c and since m is a b-articulation point of F , we have c−k = b. Since B∩ (H+b) = {b},
we have k = 0. Hence c = b, a contradiction. Assume that σ(M) is a σ(b)-articulation subset
of σ(F). We shall show that M is a b-articulation subset of F . Let m ∈ M and suppose
m + b = z + c for some c ∈ B such that b 6= c and z ∈ F . Since B ∩ H + b = {b}, we
have σ(b) 6= σ(c). Clearly σ(m)+ σ(b) = σ(z)+ σ(c), contradicting the fact that σ(m) is a
σ(b)-articulation point of σ(F). 2
LEMMA 9.4. Let G be an abelian group containing a Cauchy subset B and a subgroup H
such that 0 ∈ B and H+B 6= G. Assume that there exists b ∈ B such that B\b is H-periodic.
Let F be a strict fragment of 3(G, B). Set F0 = (F + H) \ F. Then the following conditions
hold.
(i) |∂(F + H)| = |∂(F)|.
(ii) F0 + H is a b-articulation subset of F + H.
PROOF. Set 0 = 3(G, B). First, we show the following property.
For every f ∈ G \ F, |0(F ∪ { f })| ≥ |0(F)| + 1. (1)
Clearly |0(F ∪ { f })| ≥ min(|G|, |F | + 1 + κ(0)) = min(|G|, |0(F)| + 1). Since F is a
fragment, we have |G| ≥ |0(F)| + |δ(F)| ≥ |0(F)| + 1. Now (1) is obvious.
Let us show the following property.
F + H + B = (F + B) ∪ (F0 + b). (2)
Clearly (F + H + B) \ (F + B) ⊂ F0+ B. It would be enough to show that F0+ (B \ {b}) ⊂
F + B. Clearly F0 + B \ {b} ⊂ F + H + (B \ {b}) = F + (B \ {b}) ⊂ F + B. Hence (2)
holds.
Let us prove that (F0 + b)∩ (F + B) = φ. Suppose on the contrary that there exist e ∈ F0,
f ∈ F and c ∈ B such that e+b = f +c. Since e+(B\{b}) ⊂ F+B, we have e+B ⊂ F+B.
Therefore 0(F ∪ {e}) ⊂ 0(F), contradicting (1). Hence
(F0 + b) ∩ (F + B) = φ. (3)
By (2) and (3), we have |F + H + B| = |F + B| + |F0|. Hence we have (i).
We now prove that F0 + H is an articulation subset of F + H . Suppose the contrary and
choose f ∈ F and k ∈ H such that f+H 6⊂ F and f+k is not a b-articulation point of F+H .
There is h ∈ H such that f +h /∈ F . Take x ∈ F and c ∈ B \{b} such that x+c = f +k+b.
It follows that f + h+ b = x + c+ h− k. As before, we have f + h+ B ⊂ F + B. It follows
that 0(F ∪ { f + h}) = 0(F), contradicting (1). This proves (ii). 2
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THEOREM 9.5. Suppose that B \ {b} is H-periodic. Let F ⊂ G be such that 2 ≤ |F | ≤
|G| − |B| − 1. Then F is a strict fragment of 3(G, B) if and only if one of the following
conditions holds.
(i) If F + H + B = G, then there is a f ∈ F such that F + H = G \ f − (B \ {b}) and
(F + H) \ F is a b-articulation subset of F + H.
(ii) If F + H + B 6= G, then F + H is a fragment of 3(G, B) and (F + H) \ F is a
b-articulation subset of F + H.
PROOF. Set 0 = 3(G, B). Let us prove the if part.
Assume (i) holds. Clearly F + H is a b-quasi-fragment. By Lemma 9.2, F is a fragment
of 0.
Assume (ii) holds. By Lemma 9.3, F + H is a fragment of 0. If F + H = F , then (ii)
obviously holds. Suppose F + H 6= F . By Lemma 9.4, (F + H) \ F is a b-articulation subset
of F + H .
By Lemma 9.2, F is a fragment of 0. Let us prove the only if part.
Case 1. F + H = G. In this case G is certainly finite. By Lemma 9.3, |∂(F + H)| =
|∂(F)| = |B|−1. Since F+H = G, we have F+H 6= F . Let f ∈ F such that ( f +H) 6⊂ F .
By Lemma 9.3, f is an articulation point of F+H . Therefore ( f +b−B) ⊂ (∂(F+H)∪{ f }).
By Lemma 9.4, these two sets have the same cardinality. It follows that F + H = G \ ( f +
b − (B \ {b})). Therefore F + H is a b-quasi-fragment. By Lemma 9.3, (F + H) \ F is a
b-articulation subset of F + H . Hence (i) is satisfied.
Case 2. F + H 6= G. By Lemma 9.3, |∂(F + H)| ≤ |∂(F)| = |B| − 1. Hence F + H is
a fragment of 3(G, B). By Lemma 9.3, (F + H) \ F is a b-articulation subset of F + H .
Hence (ii) is satisfied. 2
10. THE CRITICAL PAIR PROBLEM
Let G be an abelian group containing a subgroup H and a subset X . We shall write X/H =
{x + H : x ∈ A}.
We need two lemmas.
LEMMA 10.1. Let B be a Cauchy subset of G and let b ∈ B. Suppose ω(3(G, B)) ≥ 3.
Let F be a strict fragment. Then F has no b-articulation point.
PROOF. Assume on the contrary that F contains a b-articulation point x . We have F ∩ (x+
b − B) = {x}.
By Theorems 4.1 and 8.4, there is a subgroup H which is a superatom such that F+H = F .
Clearly x + H ⊂ F . Assume that B ∩ (b+ H) 6= {b}. Hence there is h 6= 0, such h + x ∈ B
and hence x + b = x − h + b + h, contradicting the equality F ∩ (x + b − B) = {x}.
Therefore B ∩ (b + H) = {b}. It follows that (H + B) \ B ⊃ b + (H \ {b}). However,
|(H + B) \ B| = |H | − 1 and hence B = (H + B \ {b}) ∪ {b}. Let h ∈ H \ {0}, the above
equality shows that {0, h} is a fragment, contradicting the hypothesis ω ≥ 3. 2
LEMMA 10.2. Let G be a group containing a subset B and a subgroup H. Assume that
B \ {b} is a H-periodic subset and let c ∈ B \ {b}. Let F be a strict fragment. Then F has no
c-articulation point.
PROOF. Suppose on the contrary that F has a c-articulation point x . We have F ∩ (x +
c − B) = {x}. Since c + H ⊂ B, we have F ∩ (x + H) = {x}. Otherwise there is a h 6= 0,
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such that x + h ∈ F . Therefore x + c = (x − h) + (c + h), contradicting the equality
F ∩ (x + c − B) = {x}.
By Lemma 9.4, x is a b-articulation point of F . It follows that ∂(F \ {x}) ⊂ (∂(F) \ {x +
b, x + c}) ∪ {x}. Therefore |∂(F \ x)| ≤ |∂(F)| − 1. Therefore |F | = 1, a contradiction. 2
We shall say that B is a final subset if it satisfies one of the following conditions.
(i) B is vosperian.
(ii) B is a progression or a coprogression.
(iii) B is an isotopic subset.
(iv) There is b ∈ B and a subgroup H such that B \ {b} = G \ (b + H).
The recursive procedure will stop when we reach a final subset.
In case (i) there are no strict fragments.
In case (ii) the strict fragments are given by Lemma 4.5. This is obvious for coprogressions.
It also follows for finite groups using Remark 4(ii). The remaining case is when 〈r〉 is isomor-
phic to Z, the reader may easily verify that the fragments in this case are exactly the arithmetic
progression with difference r .
In case (iii) the strict fragments are given by Proposition 8.3.
In case (iv) the strict fragments are given by Lemma 6.2.
The results obtained in the previous sections reduce the solution of the critical problem in
G to the same problem for a quotient of G, except for the almost periodic case where this
solution uses articulation subsets.
In particular, we have a recursive solution for the critical problem, except for the almost
periodic case, where we need some work.
We shall complete the solution by a formula for the articulation points. Let us describe
our inductive solution for the critical pair problem with respect to a Cauchy subset B of an
abelian group G. Our method involves quotienting by a subgroup H which is a fragment. By
Corollary 7.2, B/H is also a Cauchy subset.
We now describe the fragments of 3(G, B). By the above comments, we may assume that
B is not a final subset.
First assume that ω(B) ≥ 3. Let H be a superatom of 3(G, B) such that 0 ∈ H . By
Theorem 8.4, the fragments of 3(G, B) are exactly the inverse images of the fragments of
3(G/H, B/H) under the canonical morphism from G onto G/H .
Now assume that ω(B) = 2. Since B is not a final subset and by Theorem 4.6, B is almost
periodic. The problem here is to describe the articulation points.
Let G be an abelian group containing an element b and a subset B. Suppose B \ {b} is
periodic, and take a maximal subgroup H such that B \ {b} is H -periodic. Let σ : G → G/H
be the canonical homomorphism. Clearly σ(B \ {b}) is aperiodic. Since B is not a final subset
we have H + B 6= G. Clearly H is a fragment of3(G, B). A fragment F of3(G, B) will be
called an essential fragment if one of the following conditions is satisfied.
(1) F + H = F .
(2) F ⊂ x + H for some x ∈ G.
(3) F = (G \ (x − B)) \U , for some x ∈ G and some proper subset U of x − b + H .
By Theorem 9.5, every subset F satisfying one of the above conditions is a fragment. The
essential fragments are always present. It remains to calculate the non-essential fragments.
THEOREM 10.3. Let G be an abelian group containing a subset B and let b ∈ B. Assume
that B \ {b} is periodic and let H be a maximal period of B \ {b}. Then one of the following
conditions holds.
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(i) Every strict fragment of 3(G, B) is essential.
(ii) B is a final subset of G or B/H is a final subset of G/H.
PROOF. The proof is by contradiction. Assume that (i) and (ii) are not satisfied and let
F be a non-essential fragment of 3(G, B) with the smallest possible cardinality. We have
F + H 6= F , since otherwise F would be essential.
Case 1. F + H + B = G. By Theorem 9.5, there is a f ∈ F such that F + H = G \
( f − (B \ b)) and f + H is a b-articulation subset of F + H . However, F 6⊂ f + H , since
otherwise F would be an essential fragment. By Lemma 9.4, F \ ( f + H) is a fragment. It
follows that F ′ = F \ ( f + H) is an essential fragment of 3(G, B). If F ′ is periodic, we see
using the equality F + H = G \ ( f − (B \ {b})) that F is obtained as in (3), contradicting
the assumptions. Therefore there is a y ∈ G such that F ′ ⊂ y + H . We have F ′ 6= y + H ,
since otherwise F ′ would be periodic. It follows that y + H 6⊂ F . By Lemma 9.4, y + H is a
b-articulation subset of F + H . Now we have F + H = y + H ∪ f + H . We may assume
without loss of generality that f = b. It follows that B \ {b} = G \ ((b + H) ∪ (y + H)).
Since b is a b-articulation point of F+H , we have (2b−(B\{b}))∩((b+H)∪(y+H)) = φ.
Therefore (b+H)∪ (H +2b− y) = (y+H)∪ (b+H). It follows that 2(b− y) ∈ H . Hence
(B \ {b})+ b− y = G \ ((2b− y + H) ∪ (b+ H)) = B \ {b}, contradicting the assumption
that H is a maximal period of B \ {b}.
Case 2. F + H + B 6= G. By Theorem 9.5, F + H is a fragment of 3(G, B). Take f ∈ F
such that f + H 6⊂ F , such an element exists since F is aperiodic. By Proposition 7.1, F/H
is a fragment of 3(G/H, B/H). By Lemma 9.3, σ( f ) is a σ(b)-articulation point of F/H .
By Lemma 10.1, ω(3(G/H, B/H)) = 2. Clearly B/H is almost periodic, since otherwise
B/H is a final subset. Let c ∈ B/H such that B/H \ {c} is periodic. By the maximality of H ,
c 6= σ(b). By Lemma 10.2, F/H has no σ(b)-articulation points, a contradiction. 2
Using Theorem 10.3, the recursive solution is now complete. Below, we give two lemmas
which allow us to evaluate quickly the articulation points in the final steps. One of the proofs
will be left to the reader.
LEMMA 10.4. Let B be a Cauchy subset of a finite abelian group G which is not a co-
progression and let b ∈ B. Let x ∈ G. Then the non-strict fragment G \ (x − B) has no
b-articulation point.
PROOF. Set F = G \ (x − B) and suppose that f is a b-articulation point of F . By
Lemma 9.2, F \ { f } is a fragment. Set D = δ(F \ { f }). By Lemma 2.5, D is a fragment
with respect to −B. Clearly |F | = |G| − |B|. It follows that |D| = 2. As in Section 2.4, we
find that −B, and hence B, is a coprogression. This contradiction proves the lemma. 2
LEMMA 10.5. Let B = (G \ a + 〈r〉) ∪ a + {0, r, . . . , jr} be a coprogression with dif-
ference r . Let F be a fragment. There exist x ∈ G and an integer k ≥ 0 such that F =
x + {0, r, . . . , kr}. Moreover, x is the unique a-articulation of F. For every b ∈ B \ {a}, F
has no b-articulation point.
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